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A NON-STATIONARY DYNAMICAL PERIODIC CONTACT*PROBLEM FOR A
HOMOGENEOUS ELASTIC HALF-PLANE

V.M., FOMIN

The problem of determining the contact stresses under a periodic system
of stamps located on the boundary of a homogeneous elastic half-plane and
moving under the effect of a load, identical for all stamps, that is
arbitrary in time, is investigated. The problem reduces to solving a
Fredholm integral equation of the first kind for the Laplace transform

of the contact stresses. The stresses are sought in the form of a double
expansion in Chebyshev polynomials of the linear coordinate and Laguerre
polynomials of time. The coefficients of the expansions are determined
recursively from an infinite gquasiregular system of linear algebraic
equations.

Despite the fact that the static periodic contact problems of the
theory of elasticity, on the one hand (/1-6/, say), and dynamic problems
for a finite number if stamps on the other (see the survey in /17/), have
been studied repeatedly by different investigators, so far as we know, the
plane non-stationary dynamical periodic contact problem has still not
been examined at all.

1. A system of vertical unit impulses at the points
z=ml(m=0,4-1,42,..)) p(x,)= 3 S@x—m)é() (1.1)
=

where (8 (f) is the delta function), is applied to the boundary of a homogeneous elastic half-
plane. The Oz axis is directed along the half-plane boundary. The variable x and the time
t are assumed to be dimensionless; the length scale is a and the time scale is alc,. Here a
is a certain parameter with the dimensions of length, and ¢, is the transverse velocity of
wave propagation in an elastic half-space.

Substituting (1.1) into (1.24) in /7/ and using the eguation

~ o

3, emim e B ofe—n]

M=—c k==

we obtain a function @ (zr,s) that is the Laplace transform of the vertical displacement of a
boundary point of the half-plane with abscissa x due to the action of a periodic system of
concentrated unit impulses

*Priki.Matem.Mekhan. ,48,2,315-323,1984
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7y (2,8) =g | — +2 Y F(kT,sjcoskTz !, (1.2
2ap [3 o~ .

- 2V Ee 252

Fo=-YEor B VRE(E‘,:)ES

RE =08+ ) —4BYVELPSVE LS, B=cojer, T=27/

where ¢, and ¢, are the longitudinal and transverse wave velocities in the elastic half-space,
and u is Lamé's constant. To extract the single-valued branches of the radicals

V& + Bisz and VYV E + & for fixed real t , slits are made in the s plane from the branch

point s = +if/f, s = +if to infinity along the imaginary half-axis on which these points are

located. We select those branches of the radicals which take positive values on the real axis.
The bar in (1.2) and hereafter denotes the Laplace transform.

2. Consider a system of flat stamps, periodic with period !, that lie on the boundary
of a homogeneous elastic half-plane (Fig.l). It is assumed that there is no friction between
the stamps and the half-plane and that the length of the contact area is constant and equal
to the width of the stamp.

Note that in dimensional units, the length of the stamp
— . ! width is taken at 2a, therefore, it equals 2 in dimensionless

— .
LL-—’—I ” ; ; Z units.

; Let P, (t) and M, (f) be the principal vector and princ-
. y ipal moment of the foundation reactive forces acting on each
7 3 of the stamps
s 1 1
Py, ()=a { pz.t)dz, Mo ()=a® { 2p(z,0)dz (2.1)
Fig.1l =1 -1

Let us form the stamp equation of motion

, st d*Q

2 31,7
e S L — Py () — Po, (@), Ty DT = Mo ()~ Mo, 1) 2.2

Here my, J, is the stamp mass and axial moment of inertia, and w’'and ¢ are its vertical
translational and angular displacement.

Applying a Laplace transform to (2.1) and (2.2), and assuming the angular displacement
to be small, we will have

mos*wy’ (s) = Py (s) — Py, (3), Jos*B" (2, 8) = [Mo(s) — My (s)z (2.3)
1 1
Py, (s)=a S Bz, s)dx, Mo, (s)=a? S zp(z,s)dz {2.4)

-1 -1
mo=my'cs¥/a®, Jo=JyCo'la?

Here wo"(z,s) denotes the displacement of the points of the lower faces of the stamp

because of its rotation. It is assumed that at the initial instant
Swy’ (O ” ow” (z, 0
wy (O) =220 0, wy(z,0)=22D =0

In combination with the periodicity of the system of stamps and loads, these conditions
ensure the periodicity and boundedness of the stamp displacements on the whole half-plane
boundary at each instant of time.

The Laplace transforms of the displacements of points of the stamp base are determined
from the formula - _
PD(")—poy(‘) + 8o (5) — My (5)

Wo (T, s) =Wy (5) + Vo (z,5) = et 73

(2.5)

On the other hand, the Laplace transform of the function v(z, ¢), which describes the
veritical displacements of the half-plane boundary points under the effect of the loads p (z, ¢),

that are periodic in x, has the following form:
1

7z, = § (e —E 5 Po . 5) B (2.6)

-1
Equating the right sides of (2.5) and (2.6), we arrive at the integral equation

By (s) — Py, (%) + Mo () — My, (5)

)mw’ - z (z|<h) @mn

71(z—85) Bo§,s)dE=

1

| Gy
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3. wWe represent the solution of {2.7) in the form of the sum

Fo (8 8) = Poa (& 8) + Par (E9)
where g (& 8), Do (& 5) are solutions of (3.1) and (3.2), respectively

By (s) — Py, (5)

\ o=t P di= s dz1<) @4
-1

X Mo (5) e s

{ Prle—t 9P d= 2= (2] <) (32)

1

We seek the solution of the integral equation (3.1) in the form of a series in even
Chebyshev polynomials

- > T, (%)
Poo 5 $)=2‘425(3)"V%——£;- (3.3)
=l

which corresponds to determining the contact stresses from the formula
7 (-.)
p.m@,z)—ZAz,(t) = (3.4)

where A,; (!} are unknown functions of time.

We substitute (3.3) into (3.1) and (2.4), then multiply (3.1) by Ty, (2)/y1 — 2z and in-
tegrate between -1 and +1 with respect to x. Using the equations (J,,{(z) is the Bessel func-
tion of the first kind)

1 1
S Tol2) gzeg, S.ff!.i’iwsk?xdx*—:(—i)ﬂﬁfzn(kr')

S Vi-Z JVi—=
(n=0,1,2,...)
we will have
Py, (s)=and, (s) (3.5)
hod - P .
Bo,53(5) () =g 5 (3.6)

=l

S, Bun 156 3559 =0 (n=1,2.3,...)
=0

Bno(s)==-——+ +2 F‘(kT §)Jo* (kT), g———"“% 3.7

=]l

Ban, i (5) =2 (— 1)’ é}r (KT, 8) Jan AT) J3;(kT) (i, m=1,2,3,...)

4. We make the change of parameter s={/p in the infinite system of linear algebraic
equations (3.6} that depend on the complex parameter s. Under this transformation, the half-
plane Re $>!/, is mapped on the interior of the unit circle |p—1|l<1. As follows from the
second formula in {(1.2), the function F(kT, s) is analytic in the right half-plane, and
F kT, s) ~fis as s—oo, Res>>y for any y> 0. Hence it follows that the function F(kT, 1/p}
is analytic in the unit circle mentioned and is expanded there in the following series:

F(rT, +)=r F,',,(p«i (4.1)
Then
1 o
p‘:fl"’) 7 i== Z m, -J,m(P ‘“i)m {4.2)
=0
B 2Che(n=j=m=0)
Bon, 2, m= g-J~2Co(n--j-_0 m=1) {4.3)
—1)'Con,25,m (for the remaining values of n,j.m)
Czn.zj,m=k§;1kafzn (.7 125(‘31') {4.4)

The following system representation results from (4.2)
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Ut

3 1 1 n .
Zl il zBon,zz.m(P—i) =pDs,(p) (n=0,1,2,...) (4.

Dy(py=

() =0 (>0

We shall seek the function d,;{1/p) in the form of the follwing series:

13 = » ;
() =p Y Ao — 1" (1=0,1,2,..) @)
mz=f
Expanding the function
=Y Cntp—1y @.7)
m=0

in series, substituting (4.6) and (4.7) into (4.5), and equating the coefficients of identical
powers p — 1, we arrive at a recursion formula for the infinite systems of linear algebraic

equations in the coefficients Ay, (. m=10,1,2,...)
Bya, = e, (m=0,1,2,...) (4.8)
eo=do,emmd,ﬂ——1:g:Bm_kak m==1,2,3,...) (4.9)
Bn={Bum,2im 5 n=0r am==| An, m Jn=o

dm="D2ﬂ»m“:==0; Dﬂm':"-:‘a‘om’ Dzn.m=0
m=0,1,2,....n=1,2,3,...)

Series {4.4) converges.
To prove the convergence of series (4.4), we will find the original of the function
F (T,s. Evaluating the appropriate integral by contour integration, we will have /7/

oo

F (KT, ) = (%) sim (kT L)+ —- S Y (€) sin (ATt) dT {4.10)
LVI=PF2 Yi=g
W) = a0 7—1”_“‘5——’

423 (1 — By VES1 1{
(2-—“*)*+wu—5f"=)<,—n (i<t<)
tz‘/gzv: 1
(z—c.:*)wﬂfﬁn_, Vo1 (7 <t<e]

The number {,>>0 is determined by the location of the poles of the function R (4, at
the points s= -is,.
We apply a Laplace transform to (4.10)

(=

- L kTE 2 T .
F T, s) = W0y T4 (k X;I)z ‘f'_ﬁ'S k48] S (RTC) af (4.11)
1

For real u the function {{p)= p/(g®+ u® is analytic in the circle |p—1{<1{ and is re-
presented in the form of the series

Y= 3 fp@ @ —n" (4.12)
m=0

fm(“)= o (= )" (1 = i) O L (L — )Y (m=0,1,2,...) (4.13)
It follows from {4.12) that

L

F T

a |, () _21_3: 2O, ()] 4.14)

The expression in square brackets is bounded uniformly for all k¥ and m. Hence, as well
as from the asymptotic representation

1) =V-% {cos(z—;:'—-*z"/\ e-o(—i—ﬂ (4.15)

the convergence of series (4.4) follows.

5. We will show that each of the system (4.8) is quasiregular and can be solved by
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~eduction.
We introduce the notation

Ty (KT T, (kT
Gan, 2j, m = 2——"“—"’_"‘ I . 5.1
Substituting the Sommerfeld integral representation for the Bessel functions
1 n
Jn (z) o, 7= S eixsin G-ing d(P
-_—
inteo (5.1}, and carrying out the transformation, we obtain

. 1
_ (~ 1)+ 1 dﬁ___ dn
qu.?j.l‘— ——W‘_Sl__SITh(E)T”(n)X lnlsinl/ﬂ‘(i—n) -'/'1—_—_-&'5 Vr_—n, (5.2)
Representing the sine in the form of an infinite product and using the well-known spectral
relationship o7
1 m (1) i i
—,;_Slm_ ol |M=pnlmE)
(Bo=1n2,pp=m"1, m>0)
we will have
_1'n+] % .
Gan, 1= 22 60y 8 (— i, n>1 (5-3)
J O §
Y 7¥rer o i L4 dn
Gty = L——S B L@ T, )y
S P czn)zk RS n F] } 1‘”&’ 3’(1‘-"3“
(¢ (z) is the Riemann zeta function, and §,; is the Kronecker delta).
It follows from the properties of Chebyshev polynomials that
T \2(n+i) T \2i=-1
lown, | <7 () () [ 1= ()] (5.4
We note that since [>2, then I <=,
Using the recursion relations for Bessel functions, we can show that
Il Gk ) [ 2( 8 =% 5 By, 53— 2
Gl‘n,!j.”—_ qny n n— 1 s 2n+1n )+
2 (bfan-—x, 251 F Qaney, vje1 + Conia, 21 + Ganaa, ﬁu)]
The series
Iy (KT) T, (KT) 4 \2qet
— m u .
Gan 23,5 (2) ; [t+(mg) ] @iz (5.5)
satisfies the inequality
tGau.eaxS@)i n‘r" (5.6}
where C is a certain constant independent of n and j.
Substituting (4.14) into (4.4) we have
=17 [ ¥ (k) 20y
Consim= A [ B0 g 20 T B v @ 1) (5.7
1
on (KT} T o (KT
EM, 2, m (§) = me ( Lkﬁi—-)-
k=1
where the functions f, (u}) are given by (4.13).
It can be seen that
Eun;s.0®) = | Gin. 1.1 — iy Gon. 5,8 + g5 Gin, 1,500 (5.9)
2,0 (8] =7 | Gum. 2jo1 = g Canvis + e Gena2in 6 .
It follows from (5.3)=(5.8) and (4.3) that for =, i=1
C; 2 Cg o
Bonomo==24+0(nY | Bunsio| <ozr (23)) (5.9)
where (i, C,

are certain constants independent of n and j
It follows from (5.9) that
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§
lim 2t 0, Sy = 2 | Ban, 25, 0| (5.10)

nex P2n om0 .
et Jen

It can similarly be shown that the following relationship holds:
Ban, 25, m = 0 (1/n) (5.11)

Hence, and from (4.9) the boundedness of the right side in (4.8) results. Taking account
of (5.10) we arrive at the conclusion that system (4.8) is quasiregular.

Because of the successive solution of the truncated systems for m = 0,1,2, ... we obtain
the coefficients 4oy m{(j =0,1,2, ..., Nim = 0,1,2, ...) of the expansion (4.6). Carrying out
the reverse substitution p = 1/s in (4.6), and going over to the originals, we cbtain (L, {(f)
is the Laguerre polynomial)

Ay ()= ,go Agj,m (= 1)" L {t) {5.12)

6. We will now estimate the convergence of series (5.12). We find the solution of the
truncated system (3.6) by Cramer's rule

Ay =0; 000 (=012...M 6.1

In this formula A{s is the system determinant whose order is N + 1, while A;{s) is the
determinant of the matrix obtained by replacing a column of the matrix of system (3.6) by a
column of free terms.

Let ¥ =0, Then
g Py(s)

Ag(s) = T‘jm {6.2)

The deduction can be made from (3.7) that the function By (s} is analytic in the right half-
plane. It follows from physical consideratiocns (this can also be shown by methods of the
theory of analytic functions) that the zeros of By, (s) are in the left half-plane. Since the
line s = 1/2 4+ iy (—oo <Ly < o) under the transformation s=1{/p transforms into the circle |p—
1| =1, the function n/By, (1/p) is infinitely differentiable in this circle with the point p=0
excluded.

Consider the function

Ho)= 3 (o + (T
k=1

By using the formula (5.1.25,4) in /8/, we obtain

1 1 13 ns
Hc(s)zz-—i-(—?-i-—ﬂf‘clh-r;-) (6.3)
It can be seen that on the line s=1Y,+ iy (—ee<y< o) for fixed [
Hy (=0 (i/s) (8.4)

We now examine the integral

I1(8)= S Hy (s)dg.
13

Substituting z=s{ we obtain
s
1 nz fz \ 4dz
”””ES(“*‘T“**T)?
o
Replacing integration along the segment [0,s] by integrating along two segments [0,%;] and
[Yy, 8], for s=1, + iy we will have

¥

n a{lstim _dy Calnjy| 6.5)
’(=)~‘2’I~?S“h T Vokm T T v -3
[

T

i L R{3, in) .

c =—2-FS Imcth-%ﬂdn
[

The following representation results from (3.7) and (4.11)

Y TAGTVET 4 N I (T) T
o) = 4 Frovcon Y w5 ey + = (v Y e e .6)
ke=1 1 k=1 b

Using the asymptotic (4.15) as well as (6.4) and (6.5), wé obtain

1 nTi 1 ) )
Tty = T+ () e e -7
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As already remarked above, under the transformation s= i/p the line s=1,-+ iy trans-
forms into the unit circle p=1+6%(pl<n). Here y=-Y,tge/2. Consequently, the function
p/Byy (1/p), considered as a function of the parameter g in the segment (-=n,n) has the following
asymptotic representation in the neighbourhood of the points ¢ =t

(6.8)

p 1 .
metom — O (Tre==T) =1+

It can be seen that a function continuously differentiable in the segment (—=x, ) and
satisfying the asymptotic estimate (6.8) in the neighbourhood of the points ¢ = +x is expanded

in a Pourier series in (—n,n) whose coefficients have the asymptotic behaviour presented
below .
p e :
_—_~Boo(1;p) = Zakeﬂm (p=1+¢%, ak=0(1/k) 6.9
k=0

On the boundary of the unit circle of convergence, the power series transforms into a
Fourier series, hence (6.9) means that the function p/By (1/p) is expanded in a circle {p—1{<1
in the power series

D k
Fulls) = ;l“» F=1 (6.10)

Under the transformation s=1/p formula (6.2) transforms into the following expression:

~ AN & Puiimp? (6.11)
‘4"( p )‘ na  Bu(1/p)

In many important cases the function D5 (s) is analytic in the half-plane Res> Y, and
has the following asymptotic form there:

Py (s) = 0 (1/s) (6.12)
As follows from (6.10) and (6.12), the left side of (6.11), meaning also (4.6), is ex~
panded in a power series in p-—1 for ;=0 , whose coefficjents satisfy the asymptotic esti-
mate
Aoy m = 0 (1/m?) (6.13)

Analogous, but somewhat more awkward, computations can be performed for N >0 also. Con-
sequently, we have shown that the coefficients of the series (4.6) satisfy the asymptotic form
(6.13) even for j>0.

It follows from formula (8.978.3) of /9/ that series (5.12) converges uniformly in any
segment of the form [ty 4] (0 < t, <ty < o).

7. Equation (3.2) is investigated and solved in exactly the same way. 1In this case the
contact stresses are determined by the series
3 Tygj01 (2) -
Por (@) = Y, Auyus (9 S22 (1.1)

= Vi—z
whose coefficients 4,,(f) (j=0,1,2,...) are found by using the algorithm described above.
Note that the solution of (3.1) is symmetric relative to reflection in a plane perpend-
icular to the sketch and passing through the Oy axis. Hence and from the periodicity of the

problem it follows that the state of stress and strain of an elastic half-plane is invariant
to reflection in planes parallel to the plane mentioned and intersecting the Oz axis at the

points xp = kl/2(k = 0, =1, £2,...). From this fact it follows that the solution of the equa-
tion agrees with the solution of the contact problem for an elastic half-strip compressed
between two parallel, absolutely smooth directrices (Fig.l). The solution of (3.2) is skew-

symmetric about the Oy axis and agrees with the solution of the contact problem for a half-
strip, on whose parallel edges are superposed constraints hindering the vertical displacements.

Ay i —. T | Example. A vertical constant force Py =
; ; ] i naH (1) (H(t) is the Heaviside unit function) is
R applied suddenly to the middle of a stamp lying
on the endface of a half-strip. An already re-
marked above, (3.1) corresponds to this problem.
The contact stresses are sought in the form of

05

the series (3.4). Realizing the algorithm re-
; T presented by (4.8) and (4.9), in which we must
put

Q=0 =ma Q,=0m>2)
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we obtain the coefficients 4,, , (G =0.14,2,..,¥ m=0,1,2,..., M) of the expansion (5.12) of the
function 4;{(/=01.2.... V) in Laguerre polynomials. Here ¥ is determined by the order of
the truncated system (4.8), and # is the number of terms retained in series (5.12).

Graphs of the function 4,(1) are represented in Fig.2 for the values g=1,5 10 (the
continuous, dashed, and dash-dot lines, respectively) for T = /2, B = 0.535, 7; = 0.927 and diagrams
of the contact stresses are displayed for different values of t at g=35. Curve I corresponds
to the value t=10.1, curve 2 to the value = 26; the stress diagrams for t= 0. and 3.6
(curve 3), for t=11 and 3.1 (curve 4), and also for ¢=16 and 2.1 (curve 5} agree practic-
ally in pairs.
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THERMOPHORESIS AND THE INTERACTION OF .
UNIFORMLY HEATED SPHERICAL PARTICLES IN A GAS

A.YU. BORIS

The thermophoresis of a uniformly heated spherical particle caused by the
action of Branett temperature stresses is investigated, and the thermo-
phoretic force is calculated for arbitrary temperature drops between the
particle and the gas. An analogous problem was considered earlier /1/ in
the linear approximation of a small temperature drop.

The results obtained are used to estimate the nature and interaction force of widely
spaced particles. It is shown that the gas motion caused by the temperature stresses can
result in displacement of the system of differently heated particles.

We consider a uniformly heated (cooled) spherical particle in a gas at rest at infinity
whose temperature varies weakly along the x axis. The gas is regarded as a continuous medium.
The temperature sStresses evoke a pressure redistribution and gas motion around the particles
/2/, which will result in the appearance of a thermophoretic force acting on the particle.

We introduce dimensionless coordinates, temperature, density, viscosity, thermal conduct-
ivity, velocity, pressure, and force as follows:

a(@yz), T T, puf Uele Ak
P P [ By

' g ” ’
R et hd by (RT,.}"'];:, —-—~p: F

Here a is the radius of the sphere; when there is no temperature gradient at infinity,
the subscript oo is ascribed to the appropriate gas parameters far from the sphere. The
dimensionless continuity, energy, and momentum equations describing the flow around the
particle /2/, and the boundary conditions can be written in the following form:
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